It is demonstrated that hypersurfaces M n ⊂ A n+1 with a flat centroaffine metric are governed by a system of nonlinear PDEs known as the equations of associativity of 2-dimensional topological field theory. In the case of surfaces M 2 ⊂ A 3 this system reduces to a single third order PDE, f xxx f yyy − f xxy f xyy = 1, where x and y are the asymptotic coordinates on M 2 .
Introduction
Centroaffine geometry studies the properties of hypersurfaces M n ⊂ A n+1 which are invariant under the action of the general linear group GL(n + 1). Since this action preserves the origin (translations are not allowed), one can choose the position vector r of a hypersurface as its centroaffine normal. With this normalization, one readily introduces the main centroaffine invariants: the centroaffine metric, the centroaffine cubic form and the Chebyshev covector (see sect. 1; in our presentation we follow the monograph [23] , see also [22] ). These invariants satisfy the compatibility conditions known as the centroaffine Gauss-Codazzi equations. It is well-known that the vanishing of the centroaffine cubic form characterises central hyperquadrics, while the vanishing of the Chebyshev covector is characteristic for proper affine hyperspheres. In this article we consider the third natural class of centroaffine hypersurfaces characterized by the flatness of the centroaffine metric.
The main observation is that, in the flat coordinates of the centroaffine metric, the corresponding Gauss-Codazzi equations reduce to a system of nonlinear PDEs known as the equations of associativity of two-dimensional topological field theory [6] (to be precise, WDVV equations without the quasihomogeneity condition). This is explained in sect. 3. For surfaces M 2 ⊂ A 3 these equations reduce to a single PDE of the Monge-Ampere type, f xxx f yyy − f xxy f xyy = 1, where x and y are the asymptotic coordinates on M 2 .
The geometry of surfaces M 2 ⊂ A 3 with a flat centroaffine metric is discussed in sect. 4 and 5 where, in particular, we establish some geometric properties of characteristics of the above PDE.
The review [6] provides an abundance of exact solutions of the associativity equations. Some of them are listed in sect. 5 and 6. The centroaffine geometry of the corresponding surfaces is currently under investigation.
In sect. 7 a simple loop-group formulation of the linear system governing surfaces with a flat centroaffine metric is proposed which is due to A. Bobenko.
Since the centroaffine metric is proportional to the second fundamental form, hypersurfaces with a flat centroaffine metric (and projective transforms thereof) form a subclass of projective hypersurfaces with conformally flat second fundamental form which was investigated in detail in [2] . Another interesting class of projective surfaces M 2 ⊂ P 3 (containing projective transforms of surfaces with a flat centroaffine metric as a proper subclass), is characterised by the existence of a one-parameter family of asymptotic deformations which induce constant rescalings of the projective metric and the Darboux cubic form. These generalizations are discussed in sect. 8.
Hypersurfaces in centroaffine geometry
The position vector r = (r 0 , r 1 , ..., r n ) of a hypersurface M n in centroaffine geometry satisfies the linear system
which is required to be compatible of the rank n + 1 (here r i = ∂r/∂u i , r ij = ∂r/∂u i ∂u j where u 1 , ..., u n are local coordinates on M n ). Under reparametrizations of M n , the objects g ij andΓ k ij transform as the components of a pseudo-Riemannian metric (assumed nondegenerate) and Christoffel's symbols of an affine connection (called the affine connection of the first kind; we emphasize that it is not the Levi-Civita connection of g ij ). The conformal class of g ij is nothing but the second fundamental form of M n . The compatibility conditions of system (1) are of the form [23] 
where∇ denotes covariant differentiation in the connectionΓ, andR
pj is the curvature tensor. For our purposes, it will be more convenient to rewrite the compatibility conditions (2) in terms of the Levi-Civita connection Γ k ij of the metric g ij and the difference (1, 2)-tensor h k ij defined bỹ
In this notation, equations (2) can be cast into the form [23] 
where ∇ denotes covariant differentiation in the Levi-Civita connection Γ, and R s ijk is the curvature tensor. Equation (3) 1 implies that the tensor h ijk = h s ij g sk is totally symmetric, defining the centroaffine cubic form of the hypersurface M n . The centroaffine metric M = g ij du i du j and the centroaffine cubic form
satisfying the compatibility conditions (3) characterize a hypersurface uniquely. Another useful invariant of a hypersurface in centroaffine geometry is the so-called Chebyshev covector,
which, as readily follows from (3) 2 , is always a gradient: dT = 0. It is known that the vanishing of the cubic form characterizes central hyperquadrics [23] . The proper affine hyperspheres can be defined as hypersurfaces with the vanishing Chebyshev covector. The main object of our study is the third natural class of centroaffine hypersurfaces, namely, hypersurfaces with a flat centroaffine metric. Notice that the centroaffine metric can be equivalently defined by the formula
For hypersurfaces defined explicitly as graphs of functions, u n+1 = f (u 1 , ..., u n ), the centroaffine metric has the form
where F = f i u i −f is the Legendre transform of f , and d 2 F denotes the second differential. Some global aspects of Riemannian metrics of the form −d 2 F/F were discussed in [19] and [18] . The condition of flatness of the metric −d 2 F/F results in a system of third order nonlinear PDEs for the function F (which looks quite formidable even in the simplest case n = 2). As we demonstrate below, this system is nothing but the equations of associativity (WDVV equations).
Remark. System (1) appears naturally in the theory of multi-dimensional Schwarzian derivatives. In this setting, one is interested in the mapping from M n into the projective space P n defined as (r 0 : r 1 : ... : r n ) in homogeneous coordinates of P n . We refer to [26] for the details. In centroaffine geometry, non-constant rescalings of the position vector r are not allowed: they result in non-equivalent hypersurfaces.
3 Hypersurfaces with flat centroaffine metric and associativity equations
For hypersurfaces with a flat centroaffine metric one can choose the parametrization such that g ij = η ij = const, so that Γ = 0, ∇ k = ∂ k and equations (3) take the form
The first two equations imply the existence of the potential f such that
resulting in the following formulae for the centroaffine invariants:
where △ denotes the Laplacian in the metric η ij . In terms of f , the third set of equations (4) results in a nonlinear system of PDEs known as the equations of associativity in two-dimensional topological field theory [6] . To see this, we introduce one extra coordinate u 0 and the function
One can readily verify the following properties, which are in fact the axioms of the associativity equations (in what follows α, β, γ = 0, 1, ..., n and i, j, k = 1, ..., n).
1. The matrix η αβ = ∂ 3 F ∂ 0 ∂α∂ β is constant and nondegenerate, indeed,
The objects
are the structure constants of a commutative associative algebra. Indeed, the only nonzero among them are
and equations (4) imply the associativity.
The function F defines a Frobenius structure [6] on the manifold with coordinates u 0 , u 1 , ..., u n , the main ingredients of which are the flat metric
and the symmetric 3-tensor
Notice that the centroaffine metric M and the cubic form C can be obtained by resticting these objects to a hyperplane u 0 = const in the spirit of [24] . Thus, hypersurfaces with flat centroaffine metric carry an intrinsic induced Frobenius structure. Moreover, one can incorporate the spectral parameter λ into the equations for the position vector,
without violating the compatibility conditions (4). In arbitrary parametrization, the linear system (5) takes the form
where Γ is the Levi-Civita connection of the flat metric g. System (6) defines a oneparameter family of hypersurfaces M n λ with centroaffine metrics
and centroaffine cubic forms
Therefore, hypersurfaces with a flat centroaffine metric can be equivalently characterized as hypersurfaces possessing nontrivial deformations which induce rescalings of the centroaffine metric and the centroaffine cubic form. For λ = 1 we recover the original hypersurface M n , the case λ = 0 corresponds to a hyperplane, and λ = −1 results in the dual hypersurface.
Remark. One can consider the linear system (6) without imposing the restriction that Γ is the Levi-Civita connection of g. In this case the compatibility conditions imply
where ∇ denotes covariant differentiation in the connection Γ. Moreover, the connection Γ must be flat. This class of surfaces will be investigated in some more detail elsewhere.
Examples. In the case n = 2 one can either choose η = 2 dxdy (hyperbolic surfaces) or η = dx 2 + dy 2 (convex surfaces). Here x = u 1 and y = u 2 are asymptoticcoordinates on a surface M 2 . In the hyperbolic case, equations (5) take the form r xx = λf xxx r y + λf xxy r x , r xy = λf xxy r y + λf xyy r x + λ 2 r, r yy = λf xyy r y + λf yyy r x ,
with the compatibility condition
In a similar form (however, without a spectral parameter) the linear problem (8) was presented in [7] . Introducing ψ = (λr, r x , r y ) T , one can readily rewrite (8) in a matrix form
which coincides with the one from [6] . Similarly, in the convex case we have r xx = λf xxx r x + λf xxy r y + λ 2 r, r xy = λf xxy r x + λf xyy r y , r yy = λf xyy r x + λf yyy r y + λ 2 r,
Particular examples of surfaces with a flat centroaffine metric were discussed in [22] (surfaces of revolution with the centroaffine metric of constant curvature) and [17] (centroaffinely flat Chebyshev surfaces).
Introducing the variables f xxx = p, f xxy = a, f xyy = b and f yyy = q, [20] , [8] , one can rewrite (9) in the form
which is equivalent to the quasilinear system
investigated in detail in [8] . The characteristics of this system are defined by dx+ λ dy = 0 where λ is a root of the characteristic polynomial of the matrix U ,
Equivalently, characteristics can be defined as the null-curves of the cubic form
indeed, λ = −dx/dy. The geometry of this cubic form is clarified in section 4.
Surfaces in centroaffine 3-space
In asymptotic coordinates x and y (for definiteness, we consider hyperbolic case only), equations (1) take the form
r xy = b r x + a r y + e u r,
with the compatibility conditions
where K = −e −u u xy is the Gaussian curvature of the corresponding centroaffine metric
Notice that in the flat case (K = 0, u = 0) equations (16) coincide with (13) . Since the only nonzero Christoffel symbols of the centroaffine metric M are Γ 1 11 = u x and Γ 2 22 = u y , we have h 1 11 = a, h 2 11 = p, h 1 12 = b, h 2 12 = a, h 1 22 = q and h 2 22 = b, so that the centroaffine cubic form C and the Chebyshev covector T take the forms
and T = a dx + b dy,
respectively.
Remark. We point out that surfaces with the zero Chebyshev covector are the proper affine spheres, indeed, the substitution of a = b = 0 into (16) 2 and (16) 3 implies p = q = e −u , so that (16) 4 results in the Tzitzeica equation u xy = e u − e −2u .
Let us consider the form
which, at a generic point of our surface, has three distinct zero directions. The three directions conjugate to them are defined by the equation
(recall that two directions are called conjugate if they are orthogonal with respect to the metric M ). The null-curves of (17) define a foliation of our surface by three families of curves, which we will call the characteristic 3-web for the reason which is clarified at the end of section 3.
Theorem 1 For surfaces with a flat centroaffine metric, the characteristic 3-web is hexagonal.
Proof: A direct calculation of the curvature form Ω of the characteristic 3-web results in the formula Ω = dω, where the connection form ω is
here r = ab − 9pq, s = b 2 + 3aq, t = a 2 + 3bp. If K = 0, the curvature form Ω is zero, implying the hexagonality of the characteristic 3-web.
Remark. The class of surfaces with a hexagonal characteristic 3-web includes surfaces with a flat centroaffine metric as a proper subclass. For instance, the form of ω implies that surfaces with the centroaffine metric of constant curvature (K=const) also have a hexagonal characteristic web. In would be of interest to discuss this class of surfaces in some more detail. The simplest examples of surfaces with centroaffine metric of constant curvature K = −1 are central quadrics (which correspond to a = b = p = q = 0 in the equations (16)). Since in this case (17) is identically zero, the characteristic 3-web is indeterminate.
Other parametrizations
In asymptotic coordinates x and y, the position vector r of a surface with flat centroaffine metric satisfies the equations r xx = λa r x + λp r y , r xy = λb r x + λa r y + λ 2 r, r yy = λq r x + λb r y ,
the compatibility conditions of which coincide with (13) . After the reparametrization (x, y) → (t, y) where t is defined by
equations (18) 
where we have introduced the notation
The compatibility conditions of equations (20) take the form
Written in terms of the potential F such that A = F yyy , B = F tyy and C = F tty , this system reduces to a single PDE
which is yet another form of the associativity equations [6] . Thus, both equations (9) and (22) describe one in the same class of surfaces, however, in different parametrizations. Notice that, in terms of the potentials f (x, y) and F (x, t), the formulae (19) and (21) take the form
and, after being integrated once, simplify to
This transformation between (9) and (22) was first proposed in [8] . Taking, for instance, the known polynomial solution of the equation (22),
we readily arrive at the formulae
which, after the substitution of t = x/y into the first three equations, give a solution of (9):
Here we list some further solutions of the equation f xxx f yyy − f xxy f yyx = 1 which can be obtained by applying the transformation (23) to the known solutions of (22) as found in [6] : Notice that the second and fourth solutions in the right column differ by the interchange of x and y, which is an obvious symmetry of the corresponding PDE. The last solution is implicit. The geometry of the corresponding surfaces is currently under investigation.
The characteristic parametrization. Introducing the variables w 1 , w 2 , w 3 by the formulae
one can rewrite equations (13) in a symmetric form [8] ,
where the coefficients of the centroaffine metric M = Edξ 2 + 2F dξdη + Gdη 2 are given by
and Γ i jk are the components of the corresponding Levi-Civita connection. The coefficients h i jk are of the form
We point out that the components E, F and G of the flat metric M satisfy the identity
In coordinates ξ and η, the characteristic 3-web is defined by the equation dξdη(dξ − dη) = 0, and is manifestly hexagonal. The compatibility conditions of equations (25) take the form
w 3 w 3 ξ , and, upon the introduction of variables u i = 1/w i , simplify to
System (26) can be represented in the equivalent exterior form
with the 1-forms
satisfying the structure equations of the SO(2, 1) group,
Therefore, one can set
and the substitution into (27) implies the 3-wave system
It should be pointed out that the equivalence of the associativity equations and the Nwave system was first observed by Dubrovin [6] . The explicit sequence of transformations shown above (which maps (9) into (28)) was presented in [8] , see also [11] .
Examples
Particular exact solutions of the system (13) correspond to special surfaces with a flat centroaffine metric. Example 1. Solutions of system (14) with a degenerate hodograph (rarefaction waves) are of the form
where c and µ are arbitrary constants and ϕ is an arbitrary function of x + cy. The corresponding potential f is
here ψ ′′′ = ϕ. The corresponding equations (18) (where we have set λ = 1) take the form
In the new parametrization t = (x+cy)/2, s = (x−cy)/2, these equations can be rewritten as
where R 0 is a constant vector and R(t) satisfies the ODE
Hence, R(t) is a planar curve (which can be arbitrary since ϕ is an arbitrary function of t), and the intersection of our surface with the plane spanned by R 0 and R has parametric equation (e 2µs , e s cµ ).
Example 2. One can show that, in appropriate asymptotic parametrization, surfaces of revolution with a flat centroaffine metric correspond to the solution
where ξ = xy and the functions α, β, ρ, γ satisfy the ODEs
The general solution of this system can be parametrized in the form
where the functions G(ξ) and H(ξ) solve the quadratic system
ǫ, ν, µ being arbitrary constants. In a different parametrization, these surfaces were also discussed in [22] . Equivalently, the above solutions can be characterized in terms of the corresponding potential
where ξ = xy and s 1 , s 2 , r 1 , r 2 are arbitrary constants. Calculation of the third order derivatives of f gives
, and the substitution into (9) implies the quadratic equation for F ′′ ,
where s is a constant of integration.
Some further explicit solutions of equation (9) can be sought in the form
where F satisfies the ODE (F 2 ) ′′′ = −16/3, implying F (x) = − 8 9 x 3 + αx 2 + βx + γ, α, β, γ being arbitrary constants. Another possible choice is
implying the following third order ODE for F ,
A more general self-similar substitution is
where µ = const. For µ = 0 and µ = −1 this reduces to (30) and (31), respectively.
7 The loop group formulation of surfaces with a flat centroaffine metric
The results of this section are due to A. Bobenko. Substituting ψ = e 2 3 λfxy ϕ into (10), we obtain the equivalent traceless representation
where we have set f xxx = p, f xxy = a, f xyy = b, f yyy = q. Let us introduce the loop group of 3 × 3 matrices
with the corresponding loop algebra
Lemma. Let ϕ(t, λ) → G be such that ϕ t ϕ −1 is linear in λ, and ϕ t ϕ −1 | λ=0 = 0. Then
This readily implies the following Proposition. Let ϕ(u, v, λ) → G be an immersion of an open domain of R 2 such that dϕϕ −1 is linear in λ, and dϕϕ −1 | λ=0 = 0. Then there exists a change of variables (u, v) → (x, y) bringing the frame equations into the form (32).
Projective generalizations of hypersurfaces with a flat centroaffine metric
There exist two particularly interesting projectively invariant classes of hypersurfaces containing projective transforms of hypersurfaces with flat centroaffine metric.
Hypersurfaces with conformally flat second fundamental form were investigated in [1] , [2] and [15] (notice that this property makes sense only for hypersurface of dimension greater than two). Among previosly known examples one should mention the second order envelopes of one-parameter families of nondegenerate hyperquadrics (in particular, projective transforms of surfaces of revolution) as well as special projections of the Segre variety P 2 × P 2 ⊂ P 8 into P 5 . We point out that projective transforms of hypersurfaces with flat centroaffine metric provide further examples of this type. Indeed, the conformal class of the second fundamental form of a hypersurface with flat centroaffine metric is η ij du i du j , which is manifestly conformally flat.
Surfaces in P 3 possessing asymptotic deformations which induce rescalings of the projective metric and the Darboux cubic form. Let us recall that the position vector R of a surface M 2 in the projective space P 3 satisfies the linear system
where β, γ, V, W are functions of the asymptotic coordinates x and y satisfying the compatibility conditions [16, p. 120] β yyy − 2β y W − βW y = γ xxx − 2γ x V − γV x W x = 2γβ y + βγ y V y = 2βγ x + γβ x .
The most important projective invariants are the projective metric 2βγ dxdy and the conformal class of the Darboux cubic form β dx 3 + γ dy 3 .
Paticularly interesting classes of projective surfaces are characterized by additional relations among β, γ, V and W , for instance -isothermally-asymptotic surfaces (β = γ); -projectively applicable surfaces (β y = γ x ); -surfaces of Jonas (β x = γ y ); etc (see [3] , [16] , [10] ).
Here we consider another class of projective surfaces characterised by the additional relation β yyy = γ xxx ,
which allows one to introduce the spectral parameter λ into (33):
Since the projective metric and the conformal class of the cubic form of the one-parameter family of surfaces M 2 λ defined by (36) are 2λ 2 βγ dxdy and β dx 3 + γ dy 3 , respectively, one can say that the surfaces satisfying (35) possess one-parameter families of asymptotic deformations which rescale the projective metric and preserve the conformal class of the Darboux cubic form. As λ varies, we continuosly change from the initial surface (λ = 1) to a quadric (λ = 0), and then to the dual surface (λ = −1). Surfaces satisfying the condition (35) were discussed in [5] and [14] . Changing in the equations (8) from r to R = e 
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